We derive some properties of the Nambu-Goldstone boson coupling in theories that have CP violation and Majorana masses. We show explicitly that its diagonal coupling to a Majorana fermion is pseudoscalar not scalar. This clarifies some confusion in the literature. Some potentially useful off-diagonal properties are also derived. We also show, in the process, that the Goldstone theorem often produces interesting and nontrivial identities in matrix theory which may be hard to prove otherwise.
Introduction
Theories with Majorana masses and CP violation have been taken more seriously recently because of the experimental evidence for neutrino masses [1, 2, 3] . They often contain some ingredients of spontaneous symmetry breaking of either gauge or global symmetries, and as a result, some accompanying unphysical Higgs or Nambu-Goldstone (NG) bosons. For example, the theory with spontaneously broken lepton number usually produces a NG boson, usually called majoron. It was well known that the coupling of the NG boson to the fermion should be always pseudoscalar in nature. This is because the degree of freedom of the NG boson usually can be identified as the symmetry generator which is spontaneously broken [4] . Under the symmetry transformation, the associated NG boson is translated by a constant. For the theory to be invariant under this translation, the NG boson has to couple only through its derivative [5] . For the couplings that are diagonal in the fermion flavor, such derivative couplings translate into pseudoscalar coupling using equation of motion. However, there are some recent doubt on the applicability of the above argument to the theory with Majorana masses and CP violation [6] . In this paper we wish to address this issue in detail and reaffirm that the above argument remains true. The conclusion is useful not only for the neutrino sector, but also for the chargino and the neutralino sectors of the supersymmetric theories [7] . For example, in Ref [8] , it was shown that the diagonal couplings of the unphysical NG Higgs boson to charginos are pseudoscalar even though the relevant sector of the theory is CP violating with Majorana gaugino masses.
As a result of this analysis, we found that very interesting and nontrivial theorems in matrix algebra can be derived as a direct consequence of the Goldstone theorem.
In the next section we will use the simplest example in SU(2) L × U(1) context with one flavor of neutrino species (including a right handed neutrino) to illustrate the pseudoscalar nature of the NG boson coupling. We will prove that the NG boson coupling is pseudoscalar exactly. Then we will generalize it to N flavors of neutrinos. In both cases, the fact the diagonal NG boson coupling has to be pseudoscalar gives rise to some nontrivial matrix theorems. To explore these matrix theorems further, we consider a very general theory with many NG bosons and then formulate a resulting matrix theorem which is simple but very nontrivial. In the appendix we include a general proof of the pseudoscalar nature of the diagonal NG boson couplings for completeness.
× matrices of ν masses and couplings
The model is a combination of the singlet majoron model [9] and the triplet majoron model [10] . Details of the model can be found in Ref. [6] . In addition to the known fermions in the Standard Model (SM), there is an antineutrino (denoted as ν c ) which is a singlet under the gauge group with the lepton number L = −1. The scalar bosons include one SU(2) doublet H (SM Higgs), one SU(2) triplet χ and one gauge singlet S. H has hypercharge Y = − To prove that the diagonal elements of U T CU are real, we only need to show that
has real diagonal elements.
Denote m 1 , m 2 as the neutrino mass eigenvalues. Then
Express m and M as m 1 and m 2 ,
Unitarity of U gives
which are real. So the diagonal scalar couplings of the majoron to the neutrinos are zero even if the couplings are CP violating. Next consider the off-diagonal terms of the majoron couplings. Note that U T CU and v 2 H (1 + r)N ′ have identical off-diagonal components. Using unitarity,
It means, if the neutrinos are degenerate, the off-diagonal couplings of the majoron are also pseudoscalar. If (m 1 + m 2 ) = 0 then the off diagonal couplings of the majoron are purely scalar. This is not surprising because if (m 1 + m 2 ) = 0 then one can redefine one of the neutrino by i, after that it is reduced to the degenerate case and off-diagonal coupling picked up an i. These results are consequences of the Goldstone Theorem.
If the global symmetry, say the lepton number in the current example, is an accidental symmetry only valid for renormalizable terms of fields in low energy physics, but broken by higher dimensional operators induced from very short distance physics at the scale M X . In general, the NG boson picks up a tiny mass [11] which is suppressed by the factor 1/M X . CP violation can probably give rise to a scalar diagonal coupling which is also suppressed by 1/M X , not by the less reducing factor 1/M from the neutrino sector. This mechanism [12] provides a possible source of a feeble fifth force competing with gravity.
2N × 2N matrices of N generations
If there are N generations of neutrinos. The above proof can also be applied. We denote the 2N × 2N symmetry mass matrix as
wherem,m D andM are N ×N matrix. We can also find a unitary matrix U to diagonalize M n such that
wherem 1 andm 2 are real N × N diagonal matrices, andÛ 11 ,Û 12 ,Û 21 ,Û 22 are four N × N matrix satisfying the unitary conditions,
The majoron coupling matrix in mass eigenstate basis is given by
Using the same trick as above, we only need to show that
has real diagonal elements. First, we write down the 11 and 22 blocks,
We expressm andM asm 1 andm 2 ,
Then, using the unitary conditions (19-21), we obtain
In terms of the mass eigenvalues (m 1 ) i and (m 2 ) i , we have
No dummy index summation occurs in above expression. It is obvious that the diagonal components of bothN
These results all can be understood through arguments similar to that in the last section.
General N × N mass matrix
In this section, we demonstrate how the Goldstone theorem can be used to prove a matrix theorem. Theorem : Given any complex symmetric matrix of dimension N × N,
we decompose M as the sum of C i ,
where C i is nonzero only along the i'th row and i'th column. Let U be the unitary matrix that diagonalizes the symmetric complex matrix M, that is, U T MU = M D where M D is a real diagonal matrix. Then the diagonal elements of the matrix U T CU are also real, for general real linear combination of C i , that is,
with arbitrary real coefficients a 1 , · · · , a N .
We also know that if two of eigenvalues of
, then the correspondent term (U T CU) ij is pure imaginary. The proof of this seemingly very nontrivial theorem follows immediately from the Goldstone theorem. Consider a Lagrangian with U 1 (1) × U 2 (1) · · ·× U N (1) symmetry. For each U i (1), there are one Weyl fermion ψ i which carries a unit of its quantum number and one scalar H i with −2 units of its quantum number. In addition, for each pair of (U i (1), U j (1)) there is one scalar, h ij carrying the quantum number (−1, −1). There are 1 2 N(N − 1) independent h ij as h ij ≡ h ji and i = j. The Lagrangian of Yukawa couplings can be written as
where f ij = f ji . The couplings can be complex. After symmetry breaking, scalars develop vev's, which are real when phases are absorbed into couplings with redefinition of fields
The resulting complex symmetric Majorana mass matrix is exactly in the form of M above. The spectrum has N NG bosons
where
The conclusion follows immediately from the Goldstone theorem. The explicit proof is very similar to those in the last two sections. Basically, we need to show C i − M after mass diagonalization has real diagonal entries. Note that the simple example of the one generation model described by Eq. (1) corresponds to the present case of N = 2 with U 1 (1) generated by the quantum number Y , and U 2 (1) generated by Y + L/2.
Conclusion
In this paper, we basically reaffirm that the diagonal Goldstone boson coupling should be pseudoscalar even when there are CP violation and Majorana masses in the system. Such a property is probably known, however, it is still quite complicated to work it out explicitly considering that there exists confusion in the literature [6] . The pseudoscalar character of the unphysical Higgs couplings to chargino and neutralinos were not worked out explicitly until recently [8] . This nontrivial character implies that the Goldstone theorem often results in matrix theorems which are very nontrivial unless one uses the Goldstone theorem to motivate it.
